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Highlights 
• Stability boundaries grow with the increasing gradient index of the FGM coating. 
• Stability boundaries grow with the decreasing thermal contact resistance and friction coefficient. 
• An appropriate gradient type of the FGM coating can adjust the TEI of sliding systems. 
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Abstract. 
Using the homogeneous multi-layered model, this paper studies the thermoelastic instability (TEI) of 
the functionally graded material (FGM) coating with arbitrary varying properties considering the frictional 
heat and thermal contact resistance. A homogeneous half-plane slides on an FGM coated half-plane at the 
out-of-plane direction under a uniform pressure. The perturbation method and transfer matrix method are 
used to deduce the characteristic equation of the TEI problem, which is then solved to obtain the 
relationship between the critical sliding speed and critical heat flux. The effects of the gradient index and 
varying form of material properties of the FGM coating on the stability boundaries are examined. The 
results show that FGM coating can adjust the thermoelastic contact stability of sliding systems. 
 
Keywords: Functionally graded materials; Frictional heat; Thermal contact resistance; Thermoelastic 
instability 
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1. Introduction 
When two conforming bodies are placed in contact, the contact pressure distribution is sensitive to 
comparatively small changes in the surface profile. Thermoelastic deformations, though generally small, 
can therefore have a major effect on systems involving contact. Furthermore, the thermal boundary 
conditions at the interface are influenced by the mechanical contact conditions. So, the thermoelastic 
problems are coupled through the boundary conditions, and as a consequence the steady-state solution 
may be nonunique and/or unstable [1], which can be divided into two different categories, i.e., 
frictionally-excited thermoelastic instability (TEI) and static TEI [2]. 
In the sliding system, there is a certain critical value of the sliding speed, exceeding which even if a 
small perturbation in the uniform contact pressure between two sliding half-planes can cause unstable 
because of the coupled interaction of the frictional heat, thermoelastic distortion and elastic contact. This 
instability is often called as the frictionally excited TEI [3-5]. Generally, it leads to the establishment of 
localized high temperature at contact regions known as hot spots [6], which is the directly attributable to 
the damage and early failure in the sliding system especially for the brake disk in cars and trains. For the 
frictionally excited TEI, Burton et al. [5] raised a perturbation method to discuss two flat plates contacting 
on a straight common edge with sliding parallel to the line of contact. Then, Lee and his co-authors used 
this method to investigate the frictionally-excited TEI in the automotive disk brake [6] and drum brake 
systems [7]. Decuzzi et al. [8] introduced a new two-dimensional analytical model, where metal and 
friction disks were replaced by layers with the finite thickness, to consider the frictionally-excited TEI in 
multi-disk clutches and brakes. Du et al. [9] first gave the numerical implementation of Burton's 
perturbation analysis for the TEI problem in the sliding system. Barber and his co-authors determined the 
critical sliding speed for the TEI for a brake disk [10] and an axisymmetric clutch/brake [11] using the 
finite element method. Furthermore, some investigators [11-13] presented a series of experimental studies 
on the hot spots induced from the TEI in the railway and aircraft brakes. Panier et al. [13] classified and 
explained the thermal gradients appearance on the surface of the railway disc brakes by thermograph 
measurements with an infrared camera. Recently, Afferrante and his co-authors present a series of 
excellent works [14-17] on the dynamic thermoelastic instability (DTEI) in the sliding systems, like 
brakes and clutches. Zelentsov et al. [18] investigated the thermoelastic frictional sliding of a rigid 
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half-plane against the surface of an elastic coating of another half-plane through quasi-static and dynamic 
formulations.  
TEI problems can also be cause by the static conduction of the heat across an interface between two 
thermoelastic bodies because the extent of the contact area influences the heat conduction problem and in 
turn depends on the thermoelastic distortion [1, 2]. By introducing a pressure-dependent thermal contact 
resistance at the contact interface, Barber [19] investigated the static thermoelastic contact showing that 
even a small sinusoidal contact pressure perturbation on a nominally uniform pressure between two 
half-planes could cause the unstable, only if the flux was sufficiently large. Later, Barber and his 
co-authors analyzed the influence of material properties on the stability criterion for the free interfaces 
between two half-planes [20], a layer and a half-plane [21] and two layers [22]. Schade and his co-authors 
considered the static TEI of two bonded half planes [23] and a layer bonded to a half plane [24]. 
Johansson [25] illuminated that there was the pressure-dependent thermal contact resistance at the sliding 
interface, which may cause an interaction between the above two instability mechanisms. Recently, 
Ciavarella and his team examined the effect of this interaction on a rod contacting a rigid wall [26], the 
sliding contact of two half-planes [27, 28] and a rectangular block sliding against a rigid plane [29]. They 
showed that frictional heating might stabilize the system for some certain forms of pressure-dependent 
thermal contact resistance [29]. 
To satisfy the special function or requirement, functionally graded materials (FGMs) are 
manufactured by a special spatial gradient in structure and/or composition, which can reduce the 
magnitude of residual and thermal stresses, mitigate stress concentration and increase fracture toughness 
[30-33]. Many authors studied the contact mechanics of FGMs via theory, experiment and/or numerical 
simulation. Their results showed that controlling a material property gradient in FGMs could lead to a 
significant improvement in the resistance to the contact deformation and damage [34-39]. In the past few 
years, the frictionally-excited TEI and static TEI of FGMs were investigated by Jang and his co-authors 
[40, 41] and Ke and his co-authors [2, 42, 43], respectively. Specially, Liu et al. [44] analyzed the dynamic 
instability of an elastic solid sliding against a functionally graded material coated half-plane without 
frictional heat. They found that FGMs have the potential application to improve the contact stability of 
systems. The effects of the frictional heating and pressure-dependent thermal contact resistance on the TEI 
of FGMs have been extensively studied in isolation, but quite few work was reported to consider the their 
possible interaction. Only Ke and his co-authors investigated the frictionally excited TEI of an FGM 
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half-plane sliding against a homogeneous half-plane in the out-of-plane direction with the thermal contact 
resistance [45]. 
 In this paper, we further investigate the TEI of a homogeneous half-plane sliding out-of-plane on an 
FGM coated half-plane considered the coupled effect of the frictional heat and thermal contact resistance. 
The material properties of the FGM coating are assumed to vary arbitrarily along the thickness direction. 
The homogeneous multi-layered model is used to deal with the arbitrarily varying properties. Using the 
perturbation method and transfer matrix method, we can derive the characteristic equation of the TEI 
problem, which is then solved to obtain the relationship between the critical sliding speed and critical heat 
flux. The effects of the gradient index and varying form of material properties of the FGM coating on the 
stability boundaries are discussed in detail. 
Compared with our previous papers [2, 42, 43, 45] on the TEI of FGMs, the new aspects of this paper 
are: (1) The main concern of these papers was placed on the static TEI of FGMs, which was induced only 
by the thermal contact resistance. In this paper, we discuss the coupled effect of the frictional heating and 
thermal contact resistance on the TEI of FGMs. (2) The material properties of FGM coating are allowed to 
change arbitrarily along the thickness direction. (3) The effect of different types of inhomogeneity on the 
coupled TEI of FGMs is considered in this paper. (4) Special attention is paid to the effect of graded 
variation of the thermal diffusivity coefficient by depth of the coating, which was neglected in previous 
works. 
 
2. Formulation  
Fig. 1a shows the schematic map of the frictional sliding between an FGM coated half-plane ( y h ) 
and a homogeneous half-plane ( y h ) with a relative speed V at the out-of-plane direction (i.e. z 
direction). The thickness of the FGM coating is h. These two contact bodies are pressed together by a 
uniform pressure p0. The thermoelastic properties of the upper homogeneous half-plane are expressed as 
the shear modulus  , thermal conductivity coefficient k , thermal expansion coefficient  , thermal 
diffusivity coefficient   and Poisson’s radio  . The thermoelastic properties of the coating are 
position-dependent along the thickness direction and follow arbitrary smooth and continuous functions, 
which are written as the shear modulus  y , Poisson’s ratio  v y , thermal conductivity  k y , 
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thermal expansion coefficient  y  and thermal diffusivity coefficient  y . The thermoelastic 
properties of the bottom homogeneous half-plane are equal to those of the FGM coating at 0y  , i.e., 
       0 0 0 00 ,  0 ,  0 ,  0 ,k k           0 0  .  
Note that many papers studied the TEI of FGMs with the thermoelastic properties varying 
exponentially [2, 40-45]. In their analysis, the thermal diffusivity coefficient of FGMs treated as a constant 
directly for mathematical convenience because it is impossible to obtain the analytical solution for the 
transient heat conduction equation with graded thermal diffusivity coefficient. To overcome this problem, 
the homogeneous multi-layered model [39] shown in Fig. 1b is used to simulate the arbitrarily varying 
material properties of the FGM coating. That is why the homogeneous multi-layered model is employed in 
the present analysis. The FGM coating is divided into N sub-layers with the equal thickness 
( / , 1,2,...,jh jh N j N  ). In each sub-layer, the thermoelastic properties, , ,j j jk  , j , and j  are 
constants.  
It is assumed that all of the friction-induced heat flow into the two contact bodies. There is a 
frictional heat fVp caused by the friction coefficient f, normal contact pressure p and sliding speed V 
during the movement. Since there is a thermal contact resistance at the sliding interface, it is necessary to 
define a partitioning parameter of the frictional heat generation   [25, 28], which means the proportion 
of the frictional heat which flows into these two contact bodies.  
Supposing the heat flux which enters into the upper homogeneous half-plane is positive. Defining the 
temperature of the sub-layer N of the FGM coating and the upper homogeneous half-plane as NT  and 
T , respectively, there is a temperature drop NT T  across the sliding surface. A thermal contact 
resistance  R p  exists and deduces with the pressure at the contacted interface [46]. Thus, 
 
NT Tq fVp
R p

 

  ,                                 (1) 
for the upper homogenous half-plane, and  
 
 1NN
T T
q fVp
R p
 

   ,                             (2) 
for the sub-layer N of the FGM coating, the subscripts “N” and “ ” respectively represents the sub-layer 
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N of the FGM coating and the upper homogeneous half-plane. 
At the interface of y h , the heat flux flows into the upper half-plane q  and the sub-layer N Nq  
must satisfy  
Nq q fVp   , y h ,                                (3) 
where 
y h
y h
T
q k
y

 


 

 and   NN Ny h
y h
T
q k h
y


 

.  
Using the small perturbation to Eqs. (1) - (3) [1, 45], we have 
 0 0 0 0q R T p R q fV R p R            ,                (4) 
and 
  0NN
T T
k k h fV p
y y


 
    
 
,                     (5) 
where 
R R p   ,   /R dR p dp  ,  0 0R R p ,  NT T T    ,             (6) 
0 0
0 0
0
NT Tq fVp
R

 

  ,                               (7) 
with the steady-state values for the thermal contact resistance 0R , the contact pressure 0p , the heat flux 
on the upper homogeneous half-plane 0q , temperature on the sub-layer N of the FGM coating 0NT and 
temperature on the upper homogeneous half-plane 0T . Note that the perturbations of the heat flux for the 
upper homogeneous half-plane q , temperature drop T  and contact pressure p  at the interface 
will be settled in the next part.  
 
3. Stability analysis 
3.1 Temperature perturbation 
The temperature perturbations in the upper homogeneous half-plane, FGM coating and bottom 
homogeneous half-plane can be written as [45]  
    i, , e lbt mxl l l l lT x y t f y
 , 0,1,2,..., ,l N  ,                       (8) 
with i 1  ; the coordinates of the upper homogeneous half-plane, sub-layers of the FGM coating and 
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bottom homogeneous half-plane ,l lx y ; wave number m; complex functions  l lf y  which can be 
solved by the transient heat conduction equation and exponential growth rate b which is either real or 
complex. Referring to Zhang and Barber [20], a positive real b or a complex b with a positive real part 
could lead the system to be unstable.  
The temperature perturbations must satisfy the transient heat conduction equations 
2 2
2 2
1T T T
x y t
  
  
  
 
  
,                               (9) 
2 2
2 2
1j j j
j j j
T T T
x y t
  
 
  
, 1,2,...,j N ,                       (10) 
2 2
0 0 0
2 2
0 0 0
1T T T
x y t
  
 
  
,                             (11) 
for the upper homogeneous half-plane, sub-layers 1~N of the FGM coating and bottom homogeneous 
half-plane, respectively; and the coordinates of them satisfy  
0jx x x x   , 0jy y h y y    .                   (12) 
Substituting Eqs. (8) and (12) into Eqs. (9), (10) and (11) and considering the condition at the infinity: 
0T   as y   and 0 0T   as y  , we can obtain the temperature perturbation for the 
upper homogeneous half-plane, sub-layers 1~N of the FGM coating and bottom homogeneous half-plane  
    i1, ,
a y h bt mxT x y t C e e 
   ,                           (13) 
    i1 2, , j ja y a y bt mxj j jT x y t C e C e e   ,                     (14) 
  0 i0 01, ,
a y bt mxT x y t C e e  ,                           (15) 
where 1,C  1,jC  2jC  and 01C  are unknown constants, and 
2
l
l
b
a m

  , 0,1,2,..., ,l N  .                       (16) 
 
3.2 Thermoelastic stress and displacement fields 
Since we employ the homogeneous multi-layered model to the FGM coating, the governing equations 
of the sub-layers 1~N are the same as those of two homogenous half-planes. They can be written as  
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22
2
2
42
1 1
ylxl l l
xl
l l
uu T
u
x x y x

 
  
           
 ,                 (17) 
2 2
2
2
42
1 1
yl xl l l
yl
l l
u u T
u
y x y y

 
   
           
.                 (18) 
The stress field for them is given by 
 1 3 4
1 1 1
yll l l xl l l
yl l
l l l
u u
T
y x
   

  
   
   
     
,               (19) 
yl xl
xyl l
u u
x y
 
 
  
  
.                             (20) 
where 0,1,2,..., ,l N  ; ( , , )xl xlu u x y t  and ( , , )yl ylu u x y t  are the displacements in the x and y 
directions, respectively; yl  and xyl  are, respectively, the normal stress and shear stress in the plane of 
xOy; and 
(1 )l l l    , 3 4l l   .                            (21) 
The temperature perturbation can induce the displacement field among the upper homogeneous 
half-plane, sub-layers 1~N and bottom homogeneous half-plane. The displacement field is assumed as [2] 
    i, , bt mxxl xlu x y t U y e
 ,                             (22) 
    i, , bt mxyl ylu x y t U y e
 ,                             (23) 
where  xlU y  and  ylU y  are complex functions of the real variable y. 
Substituting Eq. (13) to Eqs. (17) and (18), we obtain  
 2
1
1 4i2i
( ) ( ) ( )
1 1 1
a y h
x x y
mm
U y m U y U y C e     
  
 
  
    
  
,            (24) 
 2
1
1 42i
( ) ( ) ( )
1 1 1
a y h
y y x
am
U y m U y U y C e      
  
 
  
      
  
.             (25) 
The solutions of Eqs. (24) and (25), which are composed by a homogeneous solution and a particular 
solution,  
       i1 2 3( , , ) em y h a y h bt mxxu x y t A A y h e A e              ,             (26) 
    i
1 2 3
i
( , , ) i
m y h a y h bt mx
y
a
u x y t A y h A e A e e
m m
 
   
               
   
.      (27) 
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Substituting Eq. (14) into Eqs. (17) and (18), we obtain  
 
       2 1 2
1 4i2i
,
1 1 1
j ja y a yj j
xj xj yj j j
j j j
mm
U y m U y U y C e C e
 
  

    
  
         
(28) 
     2 1 2
1 42i
.
1 1 1
j ja y a yj j j
yj yj xj j j
j j j
am
U y m U y U y C e C e
 
  
       
   
       (29) 
So the displacement field of sub-layers 1~N of the FGM coating can be expressed as 
    i1 2 3 4 5 6( , , ) j j
a y a ymy my bt mx
xj j j j j j ju x y t A A y e A A y e A e A e e
       
 
,      (30) 
 
1 2 3 4
i
5 6
( , , )
+ j j
j jmy my
yj j j j j
a y a yj bt mx
j j
u x y t i A y A e i A y A e
m m
ia
A e A e e
m
 

 
       
             
       

 

,       (31) 
Similarly, substituting Eq. (15) into Eqs. (17) and (18), we can obtain the displacement field of the 
bottom homogeneous half-plane [45]  
  0 i0 01 02 03( , , ) e
a ymy bt mx
xu x y t A A y e A e
     ,                  (32) 
0 i0 0
0 01 02 03
i
( , , ) i
a ymy bt mx
y
a
u x y t A y A e A e e
m m
           
   
.          (33) 
The stresses field of the upper homogeneous half-plane, sub-layers 1~N of the FGM coating and bottom 
homogeneous half-plane can be respectively rewritten as   
      i1 2 3
1
( , , ) 2i
2
m y h a y h bt mx
y x y t mA m y h A e mA e e

    

 
                
   
,    (34) 
      i2, 1 2 3
1
( , , ) 2
2
m y h a y h bt mx
xy x y t mA m y h A e a e A e

     

 
                
   
,   (35) 
     
   
2 1 2 4
i
3 4 5 6
( , , ) i 1 2 e 1
2 e 2 e e ej j
my
yj j j j j j j j
a y a ymy bt mx
j j j j
x y t A m A A y A
m A A y m A A
   
 
         
   
,         (36) 
 
  
, 1 2 3
i
4 5 6
( , , ) 2 2 1 e 2
2 1 e 2 e 2 e ej j
my
xy j j j j j j
a y a ymy bt mx
j j j j j j
x y t mA my A mA
my A a A a A
  

 
        
    
,             (37) 
0 i0
0 0 01 02 03
1
( , , ) 2i
2
a ymy bt mx
y x y t mA my A e mA e e

  
    
       
   
,      (38) 
ACCEPTED MANUSCRIPT
AC
CE
PT
ED
 M
AN
US
CR
IP
T
11 
 
0 i2
,0 0 01 02 0 03
1
( , , ) 2
2
a ymy bt mx
xy x y t mA my A e a e A e

  
    
      
   
,       (39) 
where 
  2 2
1 3
1
4i
a m
C A
m
 
 



 
 ， 
     2 2 2 2
1 5 2 6
1 1
,
4i 4i
j j j j
j j j j
j j
a m a m
C A C A
m m
 
 
   
  ,          (40) 
 
  2 20 0
01 03
0
1
4i
a m
C A
m


 
 . 
The unknowns 1 3~ ,A A  1 6~j jA A  and 01 03~A A  could be solved by the boundary conditions. Then, 
q , T  and p  can be expressed as 
 
  2 2
i
3
1
, ,
4i
bt mx
a m
q q x h t a A e
m
 
    





 
   , 
  
 
  
2 2
2 2
i
5 6 3
m 1
( , , ) ( , , )
4i
m 1
e
4i
N N
N N
N
N
a h a h bt mx
N N
a
T T x h t T x h t
m
a
A e A e A
m

 






  
  
   

 
 

,                (41) 
i
1 2 3
1
( ,h, ) 2i .
2
bt mx
yp x t mA A mA e

    

  
   
         
  
 
 
3.3 Boundary conditions 
3.3.1 The FGM coating 
The displacement field, temperatures, heat flux and stress field are continued at the interface of the 
sub-layers, e.g.,  
       , +1 , 1, , , , , , , ,xj j x j j yj j y j ju x h t u x h t u x h t u x h t ， , 
       1 1, , , , , , , ,j j j j j j j jT x h t T x h t q x h t q x h t  ， ,                (42) 
       , 1 , 1, , , , , , , ,yj j y j j xyj j xy j jx h t x h t x h t x h t     ， . 
Then, Eq. (42) can be written in the matrix form  
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   1 1j j j j j jh h      ,                           (43) 
where  1 2 3 4 5 6, , , , ,
T
j j j j j j jA A A A A A   and 
   1 2 3 4 5 6, , , , ,
T
j y       , 
 1= j ja y a ymy my my mye ye e ye e e  ， ， ， ， ， , 
2 = j j
a y a yj j j jmy my my my
a a
e y e e y e e e
m m m m
 


     
       
     
， ， ， ， ， , 
     2 2 2 2
3
1 1
= 0,0,0,0 j j
j j j ja y a y
j j
a m a m
e e
 

 

     
 
  
， ， , 
     2 2 2 2
4
1 1
= 0,0,0,0, ,j j
j j j ja y a y
j j j j
j j
a m a m
a e a e
 
  
 
 
     
 
  
, 
    5 2 , 2 1 , 2 , 2 1 , 2 , 2j ja y a ymy my my myj j j j j j j jm e my e m e my e m e m e                  = , 
    6 2 , 2 1 , 2 , 2 1 , 2 ,2j ja y a ymy my my myj j j j j j j j j jm e my e m e my e a e a e               = . 
Thus, 1j j j   , where    11j j j j jh h    is the transfer matrix. Finally, we have 
1 2 1 1...N N N      .                              (44) 
 
3.3.2 At 0y   
In order to maintain the integrity of the FGM coating and bottom homogeneous half-plane, we 
assume the boundary conditions at 0y   to be continuous 
       0 1 0 1,0, ,0, ,0, ,0,x x y yu x t u x t u x t u x t ， , 
       0 1 0 1,0, ,0, ,0, ,0,T x t T x t q x t q x t ， ,                   (45) 
       0 1 0 1,0, ,0, ,0, ,0,y y xy xyx t x t x t x t    ， . 
Eq. (45) can be expressed in the matrix form  0 0 1 0 1= h   , then 
 -11 1 0 0 0= h   ,                             (46) 
where  0 01 02 03, ,
T
A A A  and   
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 1 2 30 0 0 0, ,    , 
 10 0 01, 1 0 0 2 ,2
T
m m    ，，， , 
   2 00 0 0 0 00 ,0 0, 1 , 1
T
m

    
 
   
 
， ， , 
     2 2 2 20 0 0 03 0
0 0 0 0 0 0
0 0
1 1
1 , , , 2 ,2
T
a m a ma
a m a
m
 
   
 
     
    
  
， . 
 
3.3.3 At y h  
At the sliding surface ( y h ), the displacements and stresses are continuous [28, 45], i.e., 
   , , , ,y yNu x h t u x h t  ,                              (47) 
   , , , ,y yNx h t x h t  ,                              (48) 
 , , 0xy x h t  ,                                    (49) 
   (50) 
Similarity, the matrix form of Eqs. (47)-(50) and (4-5) is  
= N N                                     (51) 
where  1 2 3, ,
T
A A A      and  
 1 2 3, ,       , 
 
 
 
 
 
1 * * * *
1 1
1, 2 , 2 ,0,2 1 , 2 1
1 1
T
N N
N N
m m mV m Q R V
 
 
 
   
  
   
      
          
      
, 
   
 
 
   
 
 2 * * * *
1 1 1
, 1 ,1 ,0, 1 1 , 1 2
1 2 1
T
N N
N N
V Q R V
m
  
    
 
    
     
   
       
            
      
, 
 
 
 
 
 
 
 
2 2
3 *
2
2 2
* * * *
1
, 2 , 2 ,0,2 1 ,
1
1
2 1 1 ,
1
N
N
T
N
N
a a ma
m a mV
m m
a m a
m Q R V R
m m
 
  

 

 
 
 
 

 
  
      
 
   
        
    
 
 1 2 3 4 5 6, , , , ,
T
N N N N N N N       , 
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1 , , , , ,N N
a h a hmh mh mh mhN N N N
N
a a
e h e e h e e e
m m m m
 
  
    
         
    
, 
    2 2 , 1 2 , 2 , 1 2 , 2 , 2N Na h a hmh mh mh mhN N N N N N N N Nm e mh e m e mh e m e m e                   , 
 3 = 0,0,0,0,0,0N , 
    4 2 , 2 1 , 2 , 2 1 , 2 ,2N Na h a hmh mh mh mhN N N N Nme mh e me mh e a e a e            , 
  
 
  
 
2 2 2 2
5
2 2
1 1
0,0,0,0, ,
1 1
N N
N N N N N N N Na h a h
N
N N
a a m a a m
e e
m m
 
   
     

     

     
  
   
, 
  
 
  
 
2 2 2 2
6
1 1
0,0,0,0, ,
1 1
N N
N N N Na h a h
N
N N
a m a m
e e
m m
 
 
   

   

     
  
   
, 
with  
*
0R mR k , 
* 0 0
0
4 N
T T
Q R M
R



  , *=2V fMV
mk



, 
1 11 1
2
N
NM


 
 
  
  
 
. 
Note that 
* *R Q，  and *V  are respectively the dimensionless thermal contact resistance, interface 
temperature drop or heat flux and sliding speed at the interface [28].  
From Eqs. (44), (46) and (51), we obtain 
0    .                                  (52) 
where  11 2 1 1 0 0...N N N h    

  . Eq. (52) can be expressed in the dimensionless form as 
* *
0     ,                                 (53) 
by utilizing the following dimensionless parameters 
* 0
0 2
0 0
1+ 1
a b
a z
m m

 
    , *
2
1 1
a b
a z
m m



     ,        (54) 
*
2
1 1
j
j
j j
a b
a z
m m

 
     , 
2
b
z
m 
 , H mh ,            (55) 
where 
*
  and 
*  are the dimensionless forms of   and  . It is easy to know that 
*
  and 
*  
are 6 3  matrix, so Eq. (52) can be treated as six homogeneous linearity equations with six unknowns 
01A , 02A , 03A , 1A , 2A  and 3A . If and only if the coefficient matrix equals to zero, there are 
nontrival solutions for these six equations. That is to say,  
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* *det , 0    .                             (56) 
Eq. (56) is the characteristic equation of the exponential growth rate z  2/z b m  . Eq. (56) 
includes the interaction of the friction coefficient and the thermal contact resistance, which makes it 
possible for us to study the coupled effects of them on the stability boundaries meanwhile. 
 
4. Stability criterion 
It will cause the system to be unstable if the assumed form perturbation has a dimensionless 
exponential growth rate z  2/z b m   with real and positive or complex with positive real part [20]. 
To study the stability boundary, we consider two different kinds of the exponential growth z.  
Firstly, z is real and z 0 . The characteristic equation (56) turns to the linear relation between the 
critical sliding speed 
*V  and critical heat flux *Q . Secondly, z is complex with Re[z] 0 . There are 
three unknowns in the characteristic equation (56), i.e., the critical sliding speed 
*V , critical heat flux 
*Q  and real w. Separating the real and imaginary parts of Eq. (56), we have 
* *Re det , =0     ，                              (57) 
* *Im det , 0      ,                               (58) 
from which we can have the relationship between 
*V  and *Q  via the parameter w.  
 
5. Results and discussion 
In the sliding systems like brakes and clutches, the frictional heat and thermal contact resistance 
always exist at the same time. They will lead to the non-uniform thermal distortions and thermal 
distribution, which ultimately induce one of the commonest and most dangerous appearances, i.e., the hot 
spots. It is not accurate enough only considering one of them. In this section, we will focus on the 
thermoelastic contact instability between a homogeneous half-plane and an FGM coated half-plane with 
arbitrarily varying properties, taking both the frictional heat and thermal contact resistance into account. In 
this paper, we mainly study the effects of the thermal diffusivity coefficient  , the gradient index, the 
thickness of the FGM coating H, the thermal contact resistance 
*R , the friction coefficient f and the heat 
partition coefficient   on the stability boundaries. The FGM coating is made by a mixture of the ceramic 
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and nodular cast iron. The material of the FGM coating at 0y   is nodular cast iron. The material of the 
bottom homogeneous half-plane is also taken as the nodular cast iron. The material of the upper 
homogeneous half-plane is made by the friction material [40]. The properties of the metal, ceramic and 
friction materials are listed in Table 1 [20, 40].  
Since the homogeneous multi-layered model can simulate FGMs with arbitrarily varying properties, 
we consider FGMs with the power-law form, exponential function, sinusoidal function and cosine function, 
respectively. We name the power-law form as Case 1 in which the properties of the FGM coating follow 
the power-law function through the thickness direction,  
   
1
0 0
n
N
y
y
h
   
 
    
 
,                            (59a) 
   
2
0 0
n
N
y
k y k k k
h
 
    
 
,                            (59b) 
   
3
0 0
n
N
y
y
h
   
 
    
 
,                            (59c) 
   
4
0 0
n
N
y
y
h
   
 
    
 
,                            (59d) 
   
5
0 0
n
N
y
y
h
   
 
    
 
,                            (59e) 
the exponential form 
  10e
y
y
  ,  1 0ln / /N h   ,                       (60a) 
  20e
y
k y k
 ,  2 0ln / /Nk k h  ,                        (60b) 
  30e
y
y
  ,  3 0ln / /N h   ,                       (60c) 
  40e
y
y
  ,  4 0ln / /N h   ,                        (60d) 
  50e
y
y
  ,  5 0ln / /N h   ,                        (60e) 
as Case 2; the sinusoidal form  
   0 0 sin
2
N
y
y
h

   
 
    
 
,                            (61a) 
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   0 0 sin
2
N
y
k y k k k
h
 
    
 
,                            (61b) 
   0 0 sin
2
N
y
y
h

   
 
    
 
,                            (61c) 
   0 0 sin
2
N
y
y
h

   
 
    
 
,                            (61d) 
   0 0 sin
2
N
y
y
h

   
 
    
 
,                            (61e) 
as Case 3 and the cosine form  
  0 0 cos
2 2
N N yy
h
    

   
   
 
,                            (62a) 
  0 0 cos
2 2
N Nk k k k yk y
h
   
   
 
,                            (62b) 
  0 0 cos
2 2
N N yy
h
    

   
   
 
,                            (62c) 
  0 0 cos
2 2
N N yy
h
    

   
   
 
,                            (62d) 
  0 0 cos
2 2
N N yy
h
    

   
   
 
,                            (62e) 
as Case 4, where ,  ,  ,  N N N Nk    and N  are the shear modulus, thermal conductivity coefficient, 
thermal expansion coefficient, thermal diffusivity coefficient and Poisson’s radio of the upper surface of 
the FGM coating, respectively. 
 
5.1 Convergence and comparison studies 
Before analyzing the TEI of FGMs, we need to examine the convergence of the homogeneous 
multi-layered model. Table 2 shows the effect of the total number of sub-layers (N) on the critical sliding 
speed 
*V  with H =1.0, R* = 1.0, f = 0.3, * 30Q    and 0.5  . Note that both 0.1n  and  10n   
stand for the greatly varying material properties of FGM.  It is observed that the critical sliding speeds 
become closer to each other with an increasing N. Obviously, the accurate results can be obtained if the 
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number of sub-layers N = 8 or 10 for 1.0n  , and N = 12 or 14 for 0.1n   and 10 . Therefore, we 
choose 12 sub-layers for all examples in the next analysis. It should be pointed out that the extreme 
gradient slop of FGMs, for example 0.01n   and  100n  , are beyond the consideration of the 
present analysis. Actually, it is hard to fabricate FGMs with the extreme gradient slop. So, the gradient 
index is limited at the range 0.1 10n   in our discussion. 
We choose the stainless and aluminum alloy, respectively, as the material of the upper homogeneous 
and bottom homogeneous half-plane. The present problem can be reduced to the static TEI problem [20] if 
we set the sliding speed and the thickness of the FGM coating as zero. Fig. 2 presents the stability 
boundaries (
*Q  vs R*) for a homogeneous stainless steel half-plane and a homogeneous aluminum alloy 
half-plane with 
* 0.0V  . Zhang and Barber’s results are also plotted in Fig. 2 to validate the present 
analysis. Obviously, the present results are in good agreement with Zhang and Barber’s results [20]. 
If we neglect the sliding speed and bottom homogeneous half-plane, the present coupled TEI problem 
can be reduced to the static TEI problem between and FGM layer and a homogeneous half-plane reported 
by Mao et al. [2]. Fig. 3 compares the stability boundaries of the static TEI problem by using the 
homogeneous multi-layered model and exponential model with H=1.0 and n =0.2. The FGM coating is 
made by a mixture of the ceramic and nodular cast iron. Again, it can be seen that multi-layered model’s 
results agree well with exponential model’s results [2]. 
 
5.2 The results for the power-law case 
For the sake of convenience, we assume that the gradient indices have the same value n in Eq. (59), 
i.e., 1 2 3 4 5n n n n n n     . Fig. 4 depicts the effect of the gradient index n on the stability 
boundaries with H =1.0, R
*
 = 1.0, f = 0.3 and 0.5  . The stability boundary depends on the real root 
first and then on the complex root for n = 0.5, 1.0 and 2.0. In the present analysis, we call a special point 
as the turning point where the instability changes from the real root to the complex root. We can see that 
the critical sliding speed at the turning point decreases with the decrease of the gradient index n, for 
example 
* 370V   for n = 2.0, * 310V   for n = 1.0 and * 240V   for n = 0.5. For the real root 
instability, the relationship between 
*V  and *Q  is linear. However, it is no longer linear for the 
complex root instability. The same phenomenon is also found by Afferante et al. [28]. For the positive heat 
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flux, the critical sliding speed decreases with the increase of 
*Q . But the trend is opposite for the 
negative heat flux for which the critical sliding speed increases with the increase value of 
*Q . In other 
words, the frictional heat can make the system stable in certain situations when considering the 
pressure-dependent thermal contact resistance [29]. With the increase of the gradient index, the stability 
area becomes larger. That is because the bigger the gradient index is, the upper sub-layers of the FGM 
coating are the ceramic-rich layers, which is more easier to keep stability than the metal-rich layers. 
Fig. 5 examines the effect of the thickness H on the stability boundaries with n =1.0, R
*
 = 1.0, f = 0.3 
and 0.5  . The stability boundaries are all relied on the real roots first and then complex roots for the 
given thickness H = 1.0, 2.0 or 3.0. Similar to Fig. 3, the relationship between 
*V  and *Q  is no longer 
linear for the complex root instability, and the positive heat flux unstabilizes the system, while the 
negative heat flux stabilizes the system. It is found that the critical speed at the turning point decreases 
with the increase of H. The dimensionless critical speed is 310 for H = 1.0, 190 for H = 2.0 and 140 for H 
= 3.0. Note that this conclusion depends on the combinations of coating and substrate materials and the 
ratios of the material parameters at the bottom and upper surfaces of the coating. If we take other 
combinations of coating and substrate materials, the conclusion may be opposite from the current one. 
Fig. 6 explores the effect of the thermal contact resistance R
*
 on the stability boundaries with n =1.0,
 
H = 1.0, f = 0.3 and 0.5  . There is still a critical sliding speed *V  at the turning point for each curve, 
below which the stability boundaries are decided on the real roots, and above which the boundaries 
depend on the complex roots. Interestingly, the critical sliding speed at the turning points has the same 
value 310 for three different 
* 0.5,  0.8,  1.0.R   That is to say, the thermal contact resistance has no 
effect on the turning point. However, it has a great effect on the stability area, which decreases with the 
increase of the thermal contact resistance. The bigger the thermal contact resistance is, the more the 
frictional heat accumulated at the interface. So the system is much more possible to be unstable.  
Fig. 7 presents the effect of the friction coefficient f on the stability boundaries with n =1.0,
 
H = 1.0, R
*
 
= 1.0 and =0.5 . It can be seen that the critical speed *V  at the turning point increases with the 
decrease of the friction coefficient f, e.g. 
* 310V   for f = 0.30, * 370V   for f = 0.25 and * 465V   
for f = 0.20. The increase of the friction coefficient f leads to the decrease of the stability area. In the 
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sliding system, the frictional heat is one of the most important factors for the TEI. The bigger the friction 
coefficient is, the more the heat generated by the friction is. Thus, the system is much more possible to be 
unstable with the bigger friction coefficient f.  
Fig. 8 shows the effect of the heat partition coefficient   on the stability boundaries with n =1.0,
 
H 
= 1.0, R
*
 = 1.0 and f = 0.30. It is extremely difficult to confirm the value   because it is closely relevant 
to the mechanism of the interface. Unless there are available data obtained from the experiments, 
researchers always select the value within the range of the possible values 0.0~1.0 [28]. Therefore, it is 
chosen as 0.2, 0.5 and 0.8 in the discussion. It is observed that the turning point is insensitive to the heat 
partition coefficient. However, the stability area is increasing by the decreasing heat partition coefficient. 
According to the definition of the heat partition coefficient in section 2, the smaller heat partition 
coefficient   indicates that small amount of the frictional heat flows into the upper homogeneous 
half-plane, but large amount of the frictional heat flows into the FGM coated half-plane.  
  
5.3 Compare the results for different gradient types 
 
It is known that the homogeneous multi-layered model has the merit to simulate the arbitrarily 
varying material properties of FGMs.  By using this model, it is possible to check the effect of different 
gradient types of FGMs on the stability behavior of system. Indeed, we can select a lot of types of 
distribution in the analysis. For simplicity, we only select four gradient types of FGMs, i.e, the power-law 
function, exponential function, sinusoidal function and cosine function. 
Fig. 9 illustrates the stability boundaries for the four different cases with H = 1.0, R
*
 = 1.0, f = 0.3 and 
0.5  . For Case 1, the gradient index is takes as 1.0n  . Among the four cases, it is found that Case 1 
has the largest stability area and the critical sliding speed at the turning point. The difference of results 
obtained from different gradient types is great for the complex root instability, while it is relatively small 
for the real root instability. These results indicate that an appropriate gradient type of the FGM coating can 
adjust the TEI of systems.  
 
5.4 Discuss the effect of the thermal diffusivity coefficient 
In previous works concerning the thermoelastic crack problem of FGMs [47, 48], thermoelastic 
contact of FGMs [36] and TEI of FGMs [40-45], the thermal diffusivity coefficient is always treated as a 
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constant for the mathematical convenience. In fact, the thermal diffusivity coefficient is inhomogeneous 
along the thickness direction. Therefore, this treatment of the thermal diffusivity coefficient may lead to 
the error in the TEI analysis of FGMs. 
Firstly, we discuss the effect of the thermal diffusivity coefficient on the TEI of FGMs considering 
the coupled effect of the frictional heat and thermal contact resistance. The properties of the FGM coating 
follow the power-law function (i.e., case 1). Tables 3 presents the effect of the different form of the 
thermal diffusivity coefficient  (the graded   and the constant  ) on the critical sliding speed *V  
with H =1.0, R
*
 = 1.0, f = 0.3 and 0.5  . Note that 0  and N  are the thermal diffusivity coefficient 
of FGM coating at the bottom surface and upper surface, respectively. “Graded   with n =1.0” denotes 
that the thermal diffusivity coefficient is inhomogeneous along the thickness direction. “ 0  ”, 
“ 0( + ) 2N   ” and “ 0( + ) 2N   ” denote the ways to treat the thermal diffusivity coefficient as 
constant. The homogeneous multi-layered model is used to solved the TEI of FGMs with the graded   
or the constant  . The values in the bracket denote the relative difference percentages between the 
solutions of the constant   and graded  . It is defined as the absolute value of (graded   solution - 
constant   solution) / (graded   solution). It can be observed that there is no difference between the 
graded thermal diffusivity coefficient and the constant   for the real root instability. However, for the 
complex root instability, the different forms of the thermal diffusivity coefficient have a great effect on the 
critical sliding speed. 
Secondly, we want to examine the error in our previous work about the TEI of FGMs [2, 41-43] with 
the thermoelastic parameters varying in the exponential form. In those works, the thermal diffusivity 
coefficient is treated as a constant by assuming that the gradient indices of the thermal conductivity, 
density and specific heat satisfy a certain relation
 
[2, 40-45]. Here, we only consider the effect of the 
different form of   on the critical siding speed *V  for the complex root instability since it indeed has 
no effect on the real root instability behavior. Table 4 tabulates the effect of the thermal diffusivity 
coefficient   on the TEI of FGMs with their properties varying exponentially (i.e., case 2). For the 
graded  , we assume that the gradient indexes have the same value   in Eq. (60), i.e., 
1 2 3 4 5          . For the constant  , we have 1 2 3 5         and 0j   or 
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j N  . The bottom surface of the FGM coating is chosen as the nodular cast iron. The gradient index 
  is respectively selected as 0.1, 0.2, 0.5 and 0.6. It is found that the error is about 0.03%~3.74% 
between the constant   and graded   when the gradient index 0.6  . This example indicates that 
the assumption of constant   is reasonable in our previous works [2, 42, 43, 45] when the gradient index 
of the exponential function is small. 
 
6. Conclusions  
This paper presents the TEI of FGMs considering the coupled effect of the thermal contact resistance 
and frictional heat in the plane strain state through the perturbation method and the transfer matrix 
method. A homogeneous half-plane slides against an FGM coated half-plane at the out of plane direction. 
The properties of the FGM coating vary arbitrarily. The homogeneous multi-layered model is used to 
deal with the arbitrarily varying properties of the FGM coating. The effects of the gradient index, 
different gradient types and the thermal diffusivity coefficient of the FGM coating on the stability 
boundaries are discussed. It is found that： 
(1) For the power law case, the stability boundaries grow with the thermal contact resistance, friction 
coefficient, heat partition coefficient and the increasing gradient index of the FGM coating. 
(2) An appropriate gradient type and thickness of the FGM coating can adjust the TEI of systems. 
(3) For the power law case, the different form of the thermal diffusivity coefficient of FGM coating has 
no effect on the real root instability, but the effect is great for the complex stability behavior. Interestingly, 
the results obtained from the average value of the thermal diffusivity coefficient are very close to those 
obtained from the graded thermal diffusivity coefficient. 
(4) For the exponential case, the assumption of the constant thermal diffusivity coefficient is reasonable 
for the TEI of FGMs when the gradient index is small. 
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Table captions 
 
Table 1 Thermoelastic properties of selected materials 
Table 2 The effect of the total number of multi-layers (N) on the critical sliding speed V
*
 for different 
gradient types 
Table 3 The effect of the thermal diffusivity coefficient   on the critical sliding speed V*: Power-law 
function (Case 1) 
Table 4 The effect of the thermal diffusivity coefficient   on the critical sliding speed V* with Q* = -180: 
exponential function (Case 2) 
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Figure captions 
 
Fig. 1 Schematic map of the thermoelastic contact problem for a homogeneous half-plane sliding out of an 
FGM coated half-plane (a) and the homogeneous multi-layered model (b). 
Fig. 2 The stability boundaries for a homogeneous stainless half-plane and a homogeneous aluminum 
alloy half-plane with V
*
 = 0.0 with R
*
 = 1.0, f = 0.3 and 0.5  . 
Fig. 3 The stability boundaries of the static TEI problem with H = 1.0 and 0.2n  . 
Fig. 4 The effect of gradient index n on the stability boundaries with H =1.0, R
*
 = 1.0, f = 0.3 and 
0.5  . 
Fig. 5 The effect of the thickness H on the stability boundaries with n =1.0, R
*
 = 1.0, f = 0.3 and 0.5  . 
Fig. 6 The effect of thermal contact resistance R
*
 on the stability boundaries with n =1.0,
 
H = 1.0, f = 0.3 
and 0.5  . 
Fig. 7 The effect of the friction coefficient f on the stability boundaries with n = 1.0, H = 1.0, R
*
 = 1.0 
and 0.5  . 
Fig. 8 The effect of heat partition coefficient on the stability boundaries   with n =1.0, H = 1.0, R* = 1.0 
and 0.3f  . 
Fig. 9 The stability boundaries for the four different cases with H = 1.0, R
*
 = 1.0, f = 0.3 and =0.5 . 
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Table 1 Thermoelastic properties of selected materials 
Properties 
Friction 
material 
Nodular 
cast iron 
Ceramic Aluminium 
alloy 
Stainless 
steel 
 SiC 
sintered 
E (GPa) 0.3 168 151 72 200  400 
 1Co 
610  14.0 13.7 12.0 22.0 14.0  4.4 
k (W/m
o
C) 0.241 48.9 3.0 173.0 21.0  110.0 
  ( mm2/s) 0.177 16.05 1.15 67.16 5.93  35.48 
  0.12 0.31 0.30 0.32 0.30  0.16 
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Table 2 The effect of the total number of multi-layers (N) on the critical sliding speed V
*
 for different 
gradient types 
n 
Total number of multi-layers (N) 
4 6 8 10 12 14 16 
n = 0.1 93.07 94.44 95.02 95.35 95.55 95.70 95.80 
n = 1.0 100.06 102.86 103.93 104.47 104.80 105.02 105.17 
n = 10.0 101.81 105.29 106.65 107.36 107.79 108.07 108.27 
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Table 3 The effect of the thermal diffusivity coefficient   on the critical sliding speed V*: Power-law 
function (Case 1) 
 
  
Q
* 
2 -30 -120 -160 
Graded   with 
n =1.0 
6.40 104.80 347.11 398.96 
0   6.40 104.80 
320.57 
(7.65%) 
333.25 
(16.47%) 
0( + ) 2N    6.40 104.80 
343.44 
(1.06%) 
390.17 
(2.20%) 
N   6.40 104.80 
379.29 
(9.27%) 
491.42 
(23.18%) 
Instability Types Real Real Complex Complex 
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Table 4 The effect of the thermal diffusivity coefficient   on the critical sliding speed V* with Q* = -180: 
exponential function (Case 2) 
 
  
  
0.1 0.2 0.5 0.6 
Graded   592.72 585.30 540.55  518.40 
0   
592.87 
(0.03%) 
586.47 
(0.20%) 
550.12 
(1.77%) 
533.27 
(2.87%) 
N   
592.54 
(0.03%) 
583.98 
(0.23%) 
527.92 
(2.33%) 
 499.00 
 (3.74%) 
Instability Types Complex 
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                     (a) 
  
 
 
 
                                                          
 
 
               
 
 
 
 
 
(b) 
Fig. 1 Schematic map of the thermoelastic contact problem for a homogeneous half-plane sliding out of an 
FGM coated half-plane (a) and the homogeneous multi-layered model (b). 
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Fig. 2 The stability boundaries for a homogeneous stainless half-plane and a homogeneous aluminum 
alloy half-plane with V
*
 = 0.0 with R
*
 = 1.0, f = 0.3 and 0.5  . 
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Fig. 3 The stability boundaries of the static TEI problem with H = 1.0 and 0.2n  . 
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Fig. 4 The effect of the gradient index n on the stability boundaries with H =1.0, R
*
 = 1.0, f = 0.3 and 
0.5  . 
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Fig. 5 The effect of the thickness H on the stability boundaries with n =1.0, R
*
 = 1.0, f = 0.3 and 0.5  . 
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Fig. 6 The effect of the thermal contact resistance R
*
 on the stability boundaries with n =1.0,
 
H = 1.0, f = 
0.3 and 0.5  . 
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Fig. 7 The effect of the friction coefficient f on the stability boundaries with n = 1.0, H = 1.0, R
*
 = 1.0 and 
0.5  . 
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Fig. 8 The effect of heat partition coefficient on the stability boundaries   with n =1.0, H = 1.0, 
* 1.0R  and f = 0.3. 
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Fig. 9 The stability boundaries for the four different cases with H = 1.0, R
*
 = 1.0, f = 0.3 and =0.5 . 
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